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C/} \ Abstract 

A relation between the total instanton number and the quantum-numbers 
{Sj | of magnetic monopoles that arise in general Abelian gauges in SU(2) Yang- 

Mills theory is established. The instanton number is expressed as the sum of 
the 'twists' of all monopoles, where the twist is related to a generalized Hopf 



, invariant. The origin of a stronger relation between instantons and monopoles 

in the Polyakov gauge is discussed. 

1 Introduction 

Qh! Instantons and (Abelian projection) monopoles are both topological objects that 

are associated with low-energy phenomena in QCD. While instantons provide a 
solution to the U(l) problem [1], and an explanation for chiral symmetry breaking 
|H, they have not been able to explain color confinement yet @, ||. A possible 
mechanism for the latter is the dual Meissner effect due to condensation of magnetic 
monopoles that arise in so-called Abelian gauges ||, [7|. Lattice simulations indicate 
that magnetic monopoles indeed play an important role for confinement |9|, [10], |TT 



Since lattice simulations also indicate that the transition to a deconfined phase and 
the restoration of chiral symmetry occur at approximately the same temperature, it 
would be puzzling if they were generated by completely independent mechanisms. 
There is indeed evidence from a number of studies both in the continuum and on 
the lattice that instantons and monopoles are correlated in several Abelian gauges 



(see, e.g., |L2|, [13|, |1J, [15], [16], A connection between the instanton number 

(Pontryagin index) and magnetic charges has already been considered in Refs. |TE| , 
|l9| . The detailed relation between the total instanton number and the quantum 
numbers of magnetic monopoles has so far only been established in the Polyakov 
gauge (or the related modified axial gauge) |2p], [21|, . 

In the standard model, Taubes has shown how monopole fields can be used to 



generate topological charge [23]. As pointed out by van Baal in Ref. p3L similar 
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arguments may be made in the context of Abelian projection in pure Yang-Mills 
theory. This has been demonstrated explicitly for a new finite temperature instanton 



(caloron) solution by Kraan and van Baal in Ref. p5[ . There, it has been shown that 



the instanton number is carried by a magnetic monopole that makes a full rotation 
in color space along its (closed) world-line. It has been noted that the relevant 
topology for this 'twist' of the monopole is the Hopf fibration. These observations 
are worked out in greater detail for general configurations in the present work. 

Section ||] presents a short review of the definition of general Abelian gauges 
in terms of an auxiliary Higgs field and of the characterization of the magnetic 
monopole singularities arising in these gauges. In Sec. ^ the general relation between 
the instanton number and the auxiliary Higgs field is established for the Euclidean 
'space-time' S 4 . Section f| provides a generalization of the Hopf invariant of maps 
from S 3 to S 2 to maps from S 2 x S 1 to S 2 . This invariant is used in Sec. [| to 
derive the contribution of a single monopole loop to the instanton number. The 
resulting relation between the instanton number and the generalized Hopf invariants 
of monopoles is illustrated with the example of a single-instanton solution that is 
known to lead to a monopole loop in the (differential) maximal Abelian gauge . In 
Sec. [| the contribution of topologically non-trivial monopole loops to the instanton 
number on the space-time S 3 x S 1 is derived. Section [7] gives a qualitative explanation 
for the existence of a stronger relation between instantons and monopoles in the 
Polyakov gauge. The final section contains a discussion of the results. 



2 Monopoles in general Abelian gauges 

Throughout this work, we consider pure SU(2) Yang-Mills theory. The term 'Abelian 
gauge' will be used for gauges that are defined by the diagonalization of some field 
<f>[A] that transforms according to the adjoint representation of the gauge group, 

<j>{x) -> n(x)(f)(x)n + (x) (i) 

under a gauge transformation Q(x) G SU(2). Due to this property, we will call 
(j) an auxiliary Higgs field. It is not a fundamental field of the theory but rather 
a functional of the gauge potential A. The field <fi can take values in either the 
gauge group (in our case SU(2)) or its algebra (su(2)). Well-known examples are 
the Polyakov gauge, where <fi is the (time-dependent) Polyakov line, 

(f>(x, t) = P exp Q" df A (x, f)\ G SU(2) (2) 

and the maximal Abelian gauge where <fi = <fi ■ <r G su(2) minimizes the functional 

R[<f>,A] = Jd 4 xti([d, + A,^} 2 ) (3) 

under the constraint \<p\ = 1. 
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Monopole singularities arise where does not define a direction in color space, 
i.e., where = for G su(2) or = ±1 for G SU(2). Since these conditions 
involve three equations, the monopole singularities will generically occupy points 
in three-dimensional space or one-dimensional submanifolds (world-lines) in four- 
dimensional space-time. Around these points, the direction of the auxiliary Higgs 
field defines a map from a two-dimensional sphere S 2 to another S 2 . (In space-time, 
one has to consider two-spheres that link with the monopole world-line.) The wind- 
ing number of this map provides the charge of the magnetic monopole singularity 
that appears in the diagonal part of the gauge potential after gauge fixing. It can 
be expressed as 

m = deg[(f>] = -!- / eykfadfa A d0 fc = — - / tr d0 A d0 , (4) 

87T J S 2 107T J S 2 

where the unit vector <fi in the direction of the Higgs field is defined via the relations 

= <p ■ <t and 4> = for G su(2) , 

\<t>\ (5) 

= cos /3 + u> • cr sin /3 for G SU(2) , 

and = 4> ■ cr denotes the corresponding su(2) matrix. 

Using the fact that the gauge fixing transformation Q diagonalizes 0, 

fi0fi+ = a 3 , (6) 

m can be expressed in terms of fl, 

-i- f tra 3 (dfifi + ) 2 . (7) 
Air J S 2 



m 



Since the integrand is a total differential, (dfif2 + ) 2 = d(df2f2 + ), Q has to be dis- 
continuous at some point x\ on S 2 if m ^ 0. This is the origin of the Dirac string 
singularity in the Abelian projected gauge potential. Since the Higgs field is contin- 
uous on S 2 , the discontinuity in Q has to be Abelian, 

Q{x) -> e-^ x)cT3 Q for x -> Xl . (8) 

The magnetic charge can be expressed as the winding number of the phase ip along 
an infinitesimal closed curve C around x\ on S 2 , 

m=±-J^. (9) 

Note that although the above discussion does not directly apply to the maximal 
Abelian gauge since the constraint \(f>\ — 1 does not permit zeros of <fi, discontinuities 
of (f> cannot in general be avoided also in this gauge and monopole singularities arise 
after gauge fixing. In this case, of course, also the auxiliary Higgs field itself is 
discontinuous. 
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3 Instantons in general Abelian gauges 



The above discussion shows that all information about the positions and charges 
of the monopoles is present in the auxiliary Higgs field that defines the Abelian 
gauge in question. One is prompted to ask whether information about the number 
of instantons is also included. Since the latter relates to global properties of the 
gauge field it is useful to consider a specific space-time geometry. For simplicity, we 
choose S* 4 . It can be covered by two charts. We will use one large chart that covers 
all of S A with the exception of one point and as a second chart a small neighborhood 
of that point. The excluded point can be chosen such that the direction of the Higgs 
field is well-defined on the small chart. In the overlap, the gauge fields on the two 
charts are related by a gauge transformation with a transition function U G SU(2), 

A® = U + (A {2) + d)Z7 . (10) 

Since the Higgs field transforms according to the adjoint representation of the gauge 
group (it belongs to an associated fiber bundle), the Higgs fields on the two charts 
are related by the same gauge transformation, 

0(D = U + <P (2) U . (11) 

We use stereographic projection to parameterize the large chart by R 4 . Equa- 
tion ( |I~0"D then turns into the statement that A^ approaches a pure gauge at infinity, 

A {1 \x) ~ U + (x)dU(x) for \x\ -> oo . (12) 

We drop the superscript (1) in the following because we do not need the second chart 
any more. The winding number (or degree) of U as a map from S 3 to SU(2) = S 3 
is the total instanton number v of A, 

deg[U) = * [(U + dU) 3 ] (13) 

The Higgs field approaches the corresponding gauge transform of a constant (the 
value of the Higgs field on the excluded point of S 4 ), 

4>(x) — > (pco(%) = U + (x) (f)Q U(x) for |x| — > oo . (14) 

Due to our choice of charts, the direction of (p^ is well-defined. It provides a map 
from S 3 to S 2 . Such maps fall into different homotopy classes and can be charac- 
terized by the so-called Hopf invariant (see e.g. PBfl). It is usually defined in an 
indirect way: Let u> 2 denote the volume form on S 2 (strictly speaking, the pull-back 
of it), 

^2 = \tijk<Pi d(f>j A d(p k = -\ tr 4> d(f> A d<p . (15) 

Since the second homology group of S 3 is trivial, i^S" 3 ) = ( L S 3 does not contain 
non-contractible two-spheres'), uj 2 is closed and can be written as a total derivative, 
co> 2 = dv, where v is a one-form. The Hopf invariant is defined as 



v 



O#oo] = ~77T~2 I VAdV ( 16 ) 

lbir z J S 3 
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and is independent of the choice of v. Geometrically, the Hopf invariant is given by 
the linking number of the preimages of two arbitrary points on S 2 . The preimages 
are generically one-dimensional curves and have an orientation induced from the 
neighborhood of the two points. The linking number is defined as the number of 
times one has to cross the two preimages to disentangle them with orientations taken 
properly into account. It has the algebraic representation 

l = — [ • (dl x dl') (17) 

where the line integrals are performed over the two preimages. One can show that 
I is independent of the choice of the two points on S 2 . 



The representation ([LJ) can be used to express u)2 in terms of U, 

oo 2 = itr[MdUU + ) 2 } , (18) 
which can be easily integrated, 

uj 2 = dv with v = itr[0 o d£/£/ + ] . (19) 

Without loss of generality we may choose 4> = cr 3 yielding 

v A dv = — tr[a 3 dUU + ] A tr[a 3 dUU + A dUU + ] 



-(dUU + ) 3 A ie 3ii (dt/t7 + ) i A (dUU+h 
~^ tjk (dUU + ) t , A {dUU + ) j A (dUU+) k 
-jjtr[(df/f/+) 3 ] , 



(20) 



where the anti-commutativity of the wedge product has been exploited. We find 
that the Hopf invariant is given by the negative of the degree of U, 

a[} O0 ] = -deg[U] = -v . (21) 

The instanton number is therefore identical to the negative of the Hopf invariant of 
the auxiliary Higgs field at infinity. 

How does the latter relate to monopoles? The necessity of points where is 
undefined for non-vanishing instanton number follows immediately: a non-trivial 
(f)^: S 3 —>■ S 2 cannot be deformed into a constant continuously and is therefore 
not extendable to M 4 . The question whether these points are monopoles (i.e., have 
non-zero magnetic charge) and how their charges relate to the instanton number 
requires a more detailed analysis. 

Before this, we investigate how the instanton number decomposes into contri- 
butions from the individual monopoles. Consider the generic case of an arbitrary 
number of closed monopole loops in S A . Since loops cannot link in four dimensions, 
it is possible to enclose the individual loops in disjoint four-volumes Vi that are topo- 
logically trivial (have no holes) . The Hopf invariant has the nice property of being 
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additive in the sense that a[0oo] can be written as the sum of the Hopf invariants of 
(f) on the boundaries of the volumes Vi, 

-^afc^ j>[^y , (22) 

i 

since 4> is continuous outside of the Vi. Furthermore, since (the adjoint of) the gauge 
fixing transformation Q that diagonalizes <fr is related to <f> in the same way as U to 

= Q + a 3 Q, , (23) 
the individual contributions are identical to the respective degrees of Q, 

«^U=-^U > (24) 

The right hand side is non-zero only if Q is singular in V,, in which case the degree 
equals the instanton number of the gauge singularities produced by fl inside of V,. 
We have reduced the problem to the calculation of the Hopf invariant of a single 
monopole loop in a topologically trivial volume V. 



4 Generalized Hopf invariant 

In the modified axial gauge, it is possible to express the instanton number in terms of 
monopole charges that can be calculated from properties of the auxiliary Higgs field 
in the vicinity of the monopole world-lines [p^] . It would be desirable to establish 



a similar relation in the general case. Accordingly, we embed each monopole loop 
into a loop of finite thickness and try to assign a Hopf invariant to <ft on the surface 
T of the thick loop. This surface is a higher- dimensional generalization of a tube 
and has the topology of S 2 x S 1 . The coordinate corresponding to the second 
factor can be interpreted as the proper time r 6 [0, 2ti] (in Euclidean space) of the 
monopole, the first factor as a sphere surrounding the monopole at fixed r. In quest 
of an invariant of <f>\ T , we seek a characterization of the homotopy classes of maps 
4>: S 2 xS 1 — > S 2 . These have been studied in Ref. p7[| . Following the ideas developed 



there, we give a more explicit discussion that is better suited for our purposes. A 
first characterization is given by the magnetic charge we have introduced in the 
previous section. It is the winding number of </> in its first argument for fixed r. By 
continuity, it has to be independent of r. However, on a compact manifold the total 
magnetic charge vanishes. It is therefore not a good candidate for the instanton 
number. 

The most obvious ansatz for a further invariant, a naive generalization of the 
Hopf invariant flTop, is only possible for m = 0: the magnetic charge is given by the 
integral of the pull-back uj 2 of the volume form on S 2 for fixed r. For m ^ 0, it is 
therefore not possible to write u 2 as a total differential. In this case, it is actually 
not possible to define an integer valued invariant at all, since it turns out that the 
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homotopy classes of maps S 2 x S 1 —>■ S 2 with a given magnetic charge m form the 
group Zi2\ m \ rather than Z (as can be inferred from the results of ||27|| ). 

However, it is possible to generalize the Hopf invariant to a restricted class of 
functions S 2 x S 1 — > S 2 with magnetic charge m^O. It is this invariant that will 
enable us to establish a relation between instantons and monopoles in Sec. |5]. We 
consider maps : S 2 x S 1 — ► S 2 that map a fixed point on S 2 to another fixed point 
0o on the target S 2 for every value of the second argument. For definiteness, we 
choose the first point to be the south pole. In polar coordinates ip) on S 2 , the 
restriction therefore reads 

t>(0=n,<p,T) = 0o (25) 

with 0o G su(2) and \<f> \ = 1. (Recall that the target S 12 has been introduced as the 
unit sphere in su(2).) Motivated by the relation ([H]) between the Hopf invariant and 
the degree of a diagonalizing gauge transformation for maps S 3 — > S* 2 , we diagonalize 

= fi + (T 3 , (26) 

with Q continuous on (S 2 \ {t? = 7r}) x S 1 . For non-zero magnetic charge m, Q 
cannot be chosen continuous on all of S 2 x S 1 . At the south pole, it has an Abelian 
discontinuity, 

cp, r) -> e -^ (v ' T)<T3 fi for 7? -> Tr , (27) 

related to the ambiguity of multiplying Q with a diagonal matrix from the left in 
Eq. (P5p. fi is a constant matrix that diagonalizes O , i.e., O = fig 03^0- 
Unfortunately, the analog of the degree for maps from S 2 x S 1 to S 2 , 



depends on the choice of the diagonalization matrix Q. Under a change Q — > cufi 
with not invariant, because it is not additive for discontinuous 

i/[wfi] = i/[fi] + + At lim / tr df2 Q + A cj + dw . (29) 

■d=ir—E 

The winding number of the diagonal function u vanishes, but the surface term gives 
a contribution (on the boundary °& = n — e, the coordinate system ((p, r) is right- 
handed since (p, r) is right-handed on S 2 x S 1 ) 

lim / tr dQ Q + A Ld + du = — [ dip((p, r) A dx(7r, cp, r) 



vr 2 e^o J 4vr J ~ v r ' ' (30) 

= W\ K=lo \x\ - n v=^ W\ n t=r be] > 
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where we have introduced Abelian winding numbers, e.g., 



The other winding numbers are defined analogously. They do not depend on the 
values ifo respectively r . The winding number of x f° r fixed r vanishes since x is 
continuous for all d < it including the north pole. Hence, 

v[uQ] = u[Q] + n T=T0 ty]n^ [ X ] ■ (32) 

In the case at hand, the winding number of ip for fixed r is just the magnetic charge, 
n T=TQ [ip] = m (cf. Eq. @). Since the discontinuous phase ip(ip, r) in Eq. (p7p changes 
by — x(tt> V 9 ) r )> it is therefore possible to define an invariant as 

a<p[<p\ = - mn v=vo [tfj] . (33) 

We will refer to this invariant as the generalized Hopf invariant on S 2 x S . It consti- 
tutes the desired topological invariant for maps S 2 x S* 1 — > S 2 with magnetic charge 
m that fulfill Eq. fl25|). It turns out that ( |33"D is the only invariant and the homotopy 
classes of such maps form the group Z pTfl . The restriction fl25|) has increased the 
number of homotopy classes since it restricts the set of possible deformations. If 
deformations that violate Eq. (p^) are allowed, maps with a differing by multiples 
of 2m can be deformed into each other. A mathematically more appealing definition 



of a is given in Ref. [0. It coincides with the more explicit definition given here. 

Note that the generalized Hopf invariant depends on the choice of the coordinate 
(p, as indicated by the subscript on a: Consider, for instance, the coordinate system 
(i?, if, t) with (p = ip + kr and integer k that is an admissible parameterization 
of S 2 x S 1 , too. Under this change of coordinates, u[fl] is not altered, since the 
volume element occurring in the integral (p8|) is invariant. The winding number 
(PT|) , however, changes, 



n 



2tt 



dijj((po - kr, t 



— / dr — — - — =n v=lpo [if] -kn T=T0 [^) , (34) 



because the path {ip = ip — kr, r 6 [0, 2n]} along which the change of ip is calculated, 
is equivalent to the sum of the original path {ip = ipo,r e [0, 2tt}} and a path that 
winds k times around the negative ^-direction for fixed r. The generalized Hopf 
invariant therefore changes by m 2 k, 

a^[4>] = a v [0] + m 2 k . (35) 

Furthermore, a^[0] depends on the point on the factor S 2 of the domain (here 
the south pole) that is used to formulate the constraint (]25D . One can show that a 
different choice changes 0^0] by 2mdeg[0| A ] with A = 7 x S 1 where 7 is a curve 
between the old and the new point. To apply the above definition, one has to change 
the coordinate system such that the new point corresponds to •& = ir, of course. 
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Geometrically, the generalized Hopf invariant is, as the original Hopf invariant, 
given by the linking number of the preimages of two points on the target S 2 if we 
represent S 2 x S 1 as a filled torus B 2 x S 1 in three-space with the boundary of the 
disk B 2 identified to one point - the fixed point that is mapped to </> in Eq. 
(cf. Fig. p. The ambiguity arising from different coordinates <p is now replaced by 
the ambiguity of different embeddings in three-space. In order to obtain the same 
definition as Eq. (|33|) , curves with constant ip on the surface of the filled torus must 
not 'wind around the torus', i.e., be topologically trivial in the complement of the 
torus. This fixes a possible 'twist' of the torus. Since, for a charge m configuration, 
each point has m preimages and a twist links every preimage with every other, it is 
obvious that it changes the generalized Hopf invariant by m 2 . The example below 
will show that the generalized Hopf invariant measures the twist of the Higgs field. 
In view of the relation between internal and real space present in a field with non- 
zero winding number m, it is not surprising that ct^cj)} is also sensitive to a twist in 
real space. 



Figure 1: Generalized Hopf invariant as a linking number of preimages in a filled 
torus in three-space. The picture shows an example with magnetic charge 1 (one 
preimage per point) and generalized Hopf invariant 1 (the preimages are linked 
once). 



Example. As an example, consider the following auxiliary Higgs field with mag- 
netic winding number m, 

(sin $ cos(my) — kr)\ 
sin i!}sm(mip — kr) \ ■ <r . (36) 
cos$ J 

It can be represented as a standard charge m field on S 2 that is 'twisted' around 
the three-axis along the world-line of the monopole, 

0(^,^,r) = a; + (r)0(^,^,OV(r) , (37) 
oj( t ) = e-' lkTa3/2 . (38) 

The field is displayed for some values of r in Fig. |^. 
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r = r = 7r/4 t = 7r/2 



Figure 2: Sketch of the Higgs field (|36| ) for m = k = 1. The dot indicates the point 
that is mapped to O as required by Eq. fl25|). 

Given a diagonalization at r = 0, 

<!>{■&, cp, o) = ^)<r 3 ni(i?, y>) , (39) 

the r-dependent diagonalizing matrix can be represented as 

fi(#,¥>,T) =a; + (T)^i(^,^)a;(T) . (40) 

The factor uj + (t) is needed to make Q periodic also for odd k. As argued above, 
the non-Abelian winding number of Q is the same as that of Qi, because a shift of 
ip by a multiple of r does not change it. Since fl\ depends on only two parameters, 
it vanishes, = 0. For d — > ir, one finds 

and therefore n v=m [ifj\ = k and 

a v [4>] = mk . (42) 

We conclude that the generalized Hopf invariant is given by the product of the mag- 
netic charge and the number of times the Higgs field is twisted along the monopole 
loop. Obviously, the same is true for twists of arbitrary configurations 0($, ip, 0). It 
has been observed that this kind of twist (called 'Taubes winding' in Ref. ||28|| ) gives 
rise to a non- vanishing instanton number ||24j| . This has been shown explicitly for a 
finite-temperature instanton with non-trivial holonomy [p5|l . The following sections 
investigate this relation in detail for general configurations. 

For unit charge monopoles, uniform twists give all possible values of a^fc/)]. For 
higher charges, there are additional cases < \a\ < \m\ that cannot be represented 
in the simple form fl3?p. They correspond to fields that are twisted only on a part 
of S 2 that carries one unit (or m! < m units) of magnetic charge. 
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5 Hopf invariant of a monopole loop 



We consider a single closed monopole loop A4 where the Higgs field vanishes (or is 
in the center for a group valued field). Following the strategy developed in Sec. |3|, 
we will embed the monopole loop into a topologically trivial four-volume V. By Eq. 

the contribution of the monopole loop to the instanton number is then given 
by the Hopf invariant of on the surface of V. 

As in the previous section, we first embed the monopole loop A4 into a loop of 
finite thickness r, 

Vm = {x 6 I 4 \x — y\ < r for some y E M} . (43) 

r should be so small that Vm does not become topologically non-trivial by self- 
intersections. Since we intend to apply the definition of the generalized Hopf invari- 
ant given above, we choose an isocurve C of on the surface T of Vm, 

0| c = 0o and CcT = 8V M • (44) 

A note on the existence of such a curve: On every section A = S 2 through T and for 
every # G (0, tc) there exists a curve 7 on which = (i? , and J dip 7^ 0. Let A~ 
denote that connected component of A\j where the south pole is taken. On moving 
A along S 1 through T, A~ changes continuously and cannot disappear because of 
the non-vanishing integral. The union of all A~ gives an open tube T$ C T. On 
changing $ , 7; and therefore also T# , can be chosen to change continuously. On 

the intersection T~ = Hi? <7r^^> we have = s. Since each section of along a 
S* 2 in T is simply connected, this is also true for sections of T~ . Therefore, T~ must 
contain a curve C of the required properties. 

Now, we close the loop with a two-dimensional sheet D (reminiscent of a Dirac 
sheet) that has C as its boundary, 

3D = C , (45) 

and intersects Vm only there. For r — > 0, the condition ( H) can be represented in 
terms of D: it requires that D emerges from A4 in a direction where = 0o- We 
complement Vm by a sheet of finite thickness e < r around D, 

V D = {x G M 4 I \x-y\<e for some y G D} = B 2 x B 2 , (46) 

to define the topologically trivial volume V, 

V = V M U V d . (47) 



Eventually, we will perform the limit £ 
parts around the loop and the sheet, 



0. We decompose the surface of V into 

(48) 
(49) 
(50) 



dV = T £ U T De , 
T £ = T\V D ^B 2 x S 1 , 
T D£ = dV D \ V M = S x xB 2 . 
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The various manifolds are sketched in Fig. |] for the example of a loop in the z-t- 
plane, x = y = 0, z 2 + t 2 = R 2 , using double polar coordinates in space-time, 



x + iy = ue 1,p and z + it = ve 1 ' 



(51) 



The tube T can be parameterized by the coordinates i? = arctan(u/ (v — R)), and 
r that have the same orientation as in Sec. [|. A double set of polar coordinates 
(w, <f, v, t) with u = on D and v = v = const on C can be chosen for any M. and 
D and will be used in the following. 




(b) 



(c) 







To, / 





D 



R 




Figure 3: Manifolds used to define V: (a) three-dimensional view for fixed ip, (b) 
two-dimensional view for fixed ip and r, (c) three-dimensional view for fixed r. 

The intersection 



t = T £ nT D£ = dT £ = dT D£ ^^xS 1 



(52) 



is parameterized by the coordinates <p and r. 

Since there is no local representation of the Hopf invariant, we can not calculate 
separate contributions from T £ and Td £ to a[0| av -]. Therefore, we diagonalize on 
dV S S 3 , 



Vl + a 3 tt on dV 



(53) 
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and calculate the contributions to v[£i\, which is by Eq. fl24f) equal to the negative 
of the desired Hopf invariant. 

In the limit e — > 0, the intersection t reduces to the curve C. Condition (f44|) 
implies that, in this limit, Q is constant up to a diagonal factor, 

e-W^^fio on t for e^O . (54) 

As in Sec. |J the winding number of if) for fixed r gives the magnetic charge of the 
monopole singularity, 

n T=T0 [ip] = m . (55) 

The interpretation of the winding number for fixed <p can be found by noting that 
Tde approaches the sheet D in the limit e — > 0, and therefore 

n^e ix ^' v ' T)cr3 n(v,T) on T De for e^O, (56) 

where Cl is independent of <p and diagonalizes <f> on D, 

4> = n + a 3 n on D . (57) 
On the boundary dD = C, also Q is constant up to a diagonal factor, 

= e-^ a3 fl on C . (58) 

By the same way as the winding number of if} is related to the magnetic charge, that 
of if) is related to the degree of on D (cf. Eqs. @) and @), 

7#] = deg[0U . (59) 

This degree is well-defined since the boundary C of D is mapped to a single point. D 
is therefore effectively compactified to S 2 . It can be interpreted as the flux through 
D produced by the gauge fixing transformation. However, since the flux stems from 
a finite magnetic field, unlike the flux of the monopole singularity, it cannot be 
distinguished from the flux already present before gauge fixing. 

Furthermore, since the two expressions fl51p and (EB) for Q on t = BTd e for e — > 
have to coincide, the relation if>(<p, r) = if>(r) — xiVi v 0i T ) follows (v = v Q on C) . % is 
continuous also for v — *■ 0. Therefore, its winding number with respect to r vanishes 
and the corresponding winding numbers of if> and if) are identical, whence 

n^jV] = de g[^| D ] • ( 60 ) 
The winding number with respect to (p is the negative of that of if>, 

n T=T0 [x] = -m . (61) 
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We can now express the contributions to z/[f2| 9 y] in the limit e — > in terms of 
cj). For T e , we insert the winding number of into the definition of the generalized 
Hopf invariant, Eq. (p3|), to obtain 



«d[0|J = -hmz/[ft| r J -mdeg[0|J . (62) 

We have replaced the subscript ip on a by D, because D determines the coordinate 
tp up to homotopy: ip is that angle on the torus t that can be continuously extended 
to the whole tube To e around D. Obviously, this is not the case for r ruling out an 
admixture of r to ip. 

For the second contribution, we note that, since Td s = S 1 x B 2 has the same 
topology as T e , we can apply the relation ( |32] ) for the non-Abelian winding number 
of a product to Eq. (|56|) . The angles r and <p have exchanged their roles: 

iTo^kJ = + n ^M<=Z\x] = -deg[#| J m , (63) 

where we have used the fact that v[ti] vanishes since Cl depends on only two param- 



eters and have inserted the winding numbers (|59|) and fl6"T|). Putting Eqs. fl62"D and 
(153]) together, we obtain 

JyNJ ^H^MtJ) =-^Wt] -2mdeg[0|J . (64) 
The Hopf invariant of on 9V is therefore given by 

a [i\av\ = a -o[0| T ] +2mdeg[0| D ] . (65) 

This is the desired expression for the contribution of a monopole loop to the instan- 
ton number (cf. Eq. (|22|)). While a£>[0| T ] depends on the position of the sheet D, it 
is independent of the values of <f) on D, as indicated. The latter enter through the 
term deg[0| D ], though. The instanton number is therefore not given by properties of 
the auxiliary Higgs field near the monopole singularity only. The instanton number 
modulo 2m, however, is: 



O: 



[<j>\ dv ] = Od[</>| t ] (mod 2m) . (66) 



One can show that also the dependence on the position of D disappears here, since 
a different choice of D changes od[</>| t ] only by multiples of 2m: We have already 
seen in Sec. § that a change of the curve C used for the condition (0) generates 
such a shift. There, however, a change of the coordinate (p produced a shift by m 2 . 
Here, only a shift by 2m 2 is possible. The reason is that the embedding of S 2 x S 1 
into 1R 4 given by T fixes the coordinate <p up to multiples of 2r (up to homotopy). 
Figure f|, for instance, shows an alternative choice of the sheet D for the loop of 
Fig. ^. Consider first a sheet that stays at the position indicated in the first picture 
for all t. A curve of constant ip corresponds to a r-independent point on the circle 
where the tube meets the sphere. Now consider a sheet that winds once around the 
sphere while r changes by 2tt as indicated in the other pictures. Since (p has to be 
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continuous on Td £ , a curve of constant <p has to be homotopically equivalent to a 
T-independent point in the v = 0-plane. This is indicated by the thick lines on the 
tubes for a point on the positive x-axis. On the intersection of tube and sphere, the 
curve of constant (p now winds twice around the circle as r changes by 2tt. This 
sheet therefore corresponds to a new coordinate (p — <p + 2r. Obviously a shift by 
only r is not possible. 




Figure 4: Alternative choice of the sheet D. For details see text. 



Consequently, we can assign a unique Z 2 | m |-valued generalized Hopf invariant to 
a[<p\j\ = a D y>\ T ] mod 2m G Z 2 \m\ , (67) 

and write 

a[^| ay ] mod 2m = a[0| T ] . (68) 

Since the group of homotopy classes of maps from S 2 x S 1 to S 2 with magnetic 
winding number m is Z 2 | m | (cf. Sec. f|), this is the maximal information that can be 
expected. 

One could argue that it is possible to get rid of the additional term in Eq. ( |65[) by 
choosing a sheet D on which is constant, <p\ D = 0o- However, this is not possible 
in general. If the Hopf invariant a[0| 9 y] is non-zero, <fi takes all possible values on 
dV. This implies that the preimages of all points extend to the exterior of V (and 
some even to infinity if the total instanton number is non-zero). One therefore has 
to expect that also an isosurface D whose boundary is a monopole loop leaves V. 
Such a D cannot be used to identify the contribution of an individual monopole 
loop to the instanton number in the way described here. 

The result ( |6"5D can also be understood geometrically: The decomposition dV = 
T £ U Tds corresponds topologically to the decomposition of S 3 into two filled tori, 
S 3 = B 2 x S 1 U S 1 x B 2 (cf. Fig. g). The Hopf invariant of on dV is given by 
the linking number of the preimages of two points. Each point has m = deg[0| r ] 
preimages in the filled torus corresponding to T £ and deg[0| D ] preimages in the one 
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corresponding to Tp £ if the orientation of the preimages is taken into account. If 
we furthermore choose the decomposition into the two tori compatible with the 
coordinate ip around C in the same way as the embedding of the torus into M 3 in 
Sec. |], the linking number of the preimages in T e is given by Od[0| t ]. The preimages 
in Toe do not link since <fi becomes ^-independent in the limit e — > 0. Finally, we 
have to take into account the linking between the preimages in T e and Td £ - This 
gives the remaining term 2mdeg[0| Z) ] in Eq. 




Monopole loop for instanton solution. The authors of [13| have found solu 



tions to the differential maximal Abelian gauge condition for the single instanton 
solution [2S, 3C] that correspond to closed monopole loops of various radii. Although 
the global minimum of the gauge fixing functional @ is only reached in the limit of 
zero radius, it is conjectured that a small perturbation from, e.g., a nearby instanton 
can stabilize a finite radius. To check our result ,0 we calculate the contributions to 
Eq. 



for the explicit solution that has been given in |13[ for the limit in which 
the radius of the monopole loop is much smaller than the radius of the instanton. 
In the double polar coordinates of Eq. (pT|) in space-time and in spherical polar 

2 In the case of the maximal Abelian gauge, it is also valid for the space-time M 4 , because the 
fmiteness of the gauge fixing functional || guarantees the validity of Eq. 14. 
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coordinates in target space, the solution for a regular gauge instanton reads 



''sin (3 cos(f + t) n 
sin (3 sm(cp + r) 
cos (3 



(69) 



where (3 is a function of u and v only, 

f3(u,v) = $ + + where tan^± 



u 



v±R 



(70) 



The angles i9± can be chosen continuous modulo 2ir everywhere with the exception 
of the circle u — 0, v — R, where the monopole singularity arises (cf. Fig. ^ copied 
from ||13|1 ). A contour plot of (3(u,v) is shown in Fig. 0. Since (3 tends to or 7r 




Figure 6: Variables i3 + and i?_ 




Figure 7: Contour plot of the polar angle parameter f3(u, v). Two alternative choices 
(D and D') of the Dirac sheet are included. 

for u — > or v — > 0, there are no additional singularities due to the angles ip and 
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r. For u 2 + v 2 — > oo, tends to the standard Hopf map |3l| with r substituted 



by — r and therefore carries a Hopf invariant of —1. A gauge transformation that 
diagonalizes removes the instanton winding number from the gauge potential at 
infinity and produces a gauge singularity along the monopole loop (and on a sheet 
D) that carries the same winding number. 

In order to calculate the contributions to Eq. flB5p, we note that near the mono- 
pole $ + — > and complements tp to a set of spherical polar coordinates on the 
sphere around the monopole. Finally, r measures the position along the monopole 
loop. A natural choice for the sheet D is u = 0, v < R as in Fig. |3] where = it 
and = — 03. The condition fl44D is therefore fulfilled for every tube around the 
monopole loop. Furthermore, the coordinate tp is compatible with the sheet D since 
it can be defined globally on a tube u = e, v < R around the sheet D. Since (3 ~ 
near the monopole loop, is identical to the field ( |36| ) from the example in Sec. |] 
for m = k = 1 and the first term in Eq. (|65|) is therefore 



a D [0|J=-l. (71) 

On the sheet .D, is constant. The corresponding degree therefore vanishes, 

deg[0U=O, (72) 

and the second term in (|65|) does not contribute. We obtain the expected result 
v = 1. Note that this is a non- generic case where the argument of the paragraph 
after Eq. ( [68]) is circumvented in a special way: while indeed the preimages of all 
points extend to infinity, that of (3 = it splits at the origin into the plane v = and 
the sheet D due to a vanishing Jacobi matrix of 0. 

To see how the contributions to the instanton number depend on the sheet D 
chosen, we repeat the calculation for an alternative sheet D' indicated schematically 
in Fig. [7|. The indicated relation between u and v is complemented by the condition 
if = <pq. The angle tp is not constrained. By using the right-handed set of coordinates 

= 7r — , (p' = —tp, r) and the formulae in Sec. f|, one finds that in this case 

<*D>[(f>\ T ] =+1 • (73) 

The Higgs field on the sheet D' is not constant any more but takes all values on S 2 
as can be seen in Fig. [7|, 

'sin(7r — p) cos((^o + t) N 

sin(7r - p) sin(v?o + r) I , (74) 



COs(7T — p) 



where p is a suitable radial coordinate with range [0, it] on D' . Due to the occurrence 
of 71 — p, this map has degree 

deg[0y =-1 . (75) 

The magnetic charge is still +1 because we have not changed the orientation of 
t. The Hopf invariant on the surface dV around T and D' is therefore again 
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a[0| a y/] = 1 — 2 = — 1. The contributions from the generalized Hopf invariant and 
the Higgs field on the sheet D, however, have changed. 

By 'twisting' the sheet D', i.e., replacing the condition ip = <p by ip = <p + nr, 
one can obtain any odd value a^[0| T ] = 2n + l and the appropriate value deg[0| D ] = 
— n — 1 that yield a total = — 1. 



6 Topologically non-trivial monopole loops 

The procedure of closing the individual loops by sheets cannot be applied to loops 
that are topologically non-trivial in space-time. The simplest geometry where this 
can occur is S 3 x S 1 . Topologically non-trivial loops wind around the second factor. 
For simplicity, we assume all fields to be periodic in the second factor. This can 
always be accomplished by a gauge transformation. We map S 3 by stereographic 
projection to M 3 such that that there is no monopole at the point that is mapped 
to infinity. In this case, the fields tend to a pure gauge at infinity, 

A(x)~U + (x,t)dU(x,t) 

tor x — ► oo ( * o ) 

4>{x) -> U + (x,t)(f)oU(x } t) = 0ooOM) 

and the instanton number is given by the winding number of the map U : S 2 x S 1 —>■ 
SU(2) which can be expressed as an integral over the same density as for maps 
S 3 ^SU(2), 

^^^2hLj'^ u+iU ^ ■ (77 > 

Since the total magnetic charge on the compact manifold S 3 necessarily vanishes, 
(poo'. S 2 x S 1 — > S 2 has magnetic winding number zero. As already mentioned in 
Sec. |], the set of homotopy classes of such maps is Z and is parameterized by a Hopf 
invariant defined in an analogous way as for maps S 3 — > S 2 . Consequently, also the 
relation between the winding number of U and the Hopf invariant of 0oo remains 
the same, 

u[U] = -«[0oo] . (78) 

However, the procedure advocated in Sec. ^| is not directly applicable here be- 
cause it is not possible to embed topologically non-trivial monopole loops into topo- 
logically trivial volumes. If we embed a single topologically non-trivial loop into a 
topologically non-trivial volume V, the auxiliary Higgs field has a non-zero mag- 
netic winding number on dV. It is therefore not possible to assign a unique Hopf 
invariant to it. The best we can do in order to decompose the Hopf invariant, is to 
group the monopole loops into neutral sets and embed each set into a volume that 
is topologically as simple as possible, i.e., equivalent to B 3 x S 1 . If this is done, 
the Hopf invariant of 0oo again splits into contributions from the boundaries of the 
volumes Vi, 

-v = a[4>aa] = XM^IavJ ' ( 79 ) 
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where topologically trivial loops are treated as before. 

To complete the calculation of the instanton number, we only have to consider a 
single set of N topologically non-trivial monopole loops A4i with magnetic charges 
rrii and total charge zero, 



TV 

E 



mi 







(80) 



In order to construct the volume V = B 3 x S 1 around these, we first embed the 
individual loops M. { into thick loops V>f i with boundaries T = S 2 x S 1 . Then we 
connect the 'tubes' T by N — 1 sheets D" that do not intersect with each other and 
intersect with the tubes on curves Cf where <j) is constant (cf. Fig. |||), 



D p n T> 7 = for ^ 7 
D p nTi = Cf C dD p , 
<^L/3 = <K = const . 



51) 
52) 



We assume that two of the tubes (Ti and T N ) intersect only with one and the others 
with two sheets. This means that monopoles and sheets form an open chain. The 
tubes and sheets will be numbered consecutively. 




Figure 8: Three-dimensional section of space-time for fixed r with tubes around 
monopoles and sheets. 

As for the case of topologically trivial monopole loops, we introduce thick sheets 
V D p = B 2 x I x S 1 and decompose the surface around the union V of all thick loops 
and sheets, 



v = \jv Mi v\Jv D0 



13) 



into parts around loops and sheets, 



dV = \JT ie \J\jT? 



Tie = T< \ (J Vi 



DP 



T^ = dV D ,\\jVj 



Mi 



54) 
55) 
56) 
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The topology of these manifolds is as follows, 



QV = S 2 x S 1 , (87) 

\b 2 x S 1 for i = 1,7V , 
Tie = < , , 88 

[S 1 x / x S 1 for i = 2,... ,/V- 1 , 

= S 1 x / x S 1 . (89) 
The intersections still have the topology of tori, 

tf = T l£ n Tf -^xS 1 . (90) 

We assume e to be so small that the thick sheets V D p do not intersect, tf will be 
parameterized by two angles tp and r, where r runs along the monopole loops and 
can be defined globally on dV while tp measures the angle around the sheets. It 
can be defined globally on dV with the exception of one point on both T\ e and T^ £ . 
We complement tp and r with a third coordinate s such that s and tp are spherical 
polar coordinates on the factor S 2 of dV and s = sf is constant along the curves 
Cf . Thus, s takes the role of d on T £ and i> on Td £ in the previous section. 

On dV = S 2 x S 1 , we can diagonalize continuously, since the magnetic winding 
number of on dV vanishes, 

= tt + a 3 tt on dV . (91) 

In the limit e — > 0, the intersections tf reduce to the curves Cf where ft has to be 
constant up to a diagonal factor, 

Q ^ e -i^(v,r)os fio on ^ for £ _, o . (92) 

The winding numbers of -0>f are again related to the magnetic winding numbers 
of 0: On the one hand, 

n T=T0 - n T=T0 [ipl' 1 } = deg [0| r J = (93) 

where we have set ip® = ip§ = 0. On the other hand, T@ approaches D 13 as e — > 0, 
whence 

ft -> e ix(v ' s ' T)CT3 fi(s, r) on Tf for £ -> , (94) 
where ft diagonalizes on 

= ft+<7 3 ft on r/ (95) 
and is constant up to a diagonal factor on the boundary dD = C, 

ft = e-^^fto on Cf . (96) 
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Since maps the boundaries Cg and C§ +1 of D 13 to the fixed points 0^ and <pg +1 , 
(j)\ D can be interpreted as a function from S 2 to S 2 and the degree degf^l^] is 
well-defined. It is also related to the winding numbers of the ipf , 

n[^]-n[^+il=dfig[#|^] • (97) 

Equations (||) and fl9|) imply V>f (<p, r) = $(r)-xf (y>, r) with xf r) = s f > r )- 
Since x interpolates between and Cf +1 , its winding numbers on both curves have 
to be equal. The winding numbers of ip with respect to ip are therefore identical at 
both ends of the sheet, 

n T=T0 [Vjf] = n T=T0 = wP . (98) 

They can be interpreted as the Abelian magnetic flux carried along the string from 
monopole to monopole as opposed to the flux deg[0| D/3 ] that flows perpendicularly 
through the sheet. 
Furthermore, 

n v=ipo [^ +1 ] - n v=tpo [^} = deg[0| D(3 ] . (99) 

In the limit e — > 0, we can now relate the non- Abelian winding numbers of Q on 
T ie and to the Abelian winding numbers and generalized Hopf invariants. For 
T ie , we have to express the generalized Hopf invariant in terms of a diagonalizing 
function Q that is now discontinuous along two curves. Considerations very similar 
to those in Sec. |] can be used to verify that the correct generalization of Eq. (^) is 

QvfflrJ = -^MtJ " n T=TobPi} n^M] + nr^fyt 1 ] n^Wt 1 ] ■ ( 10 °) 

This expression coincides with the definition (|33|) applied to a diagonalization of <f>\ T . 
that is discontinuous along either Q or C\~ x . 

For T@, we apply the relation ( |32"D to Eq. (^). In addition to the exchange of ip 
and r, we have to take the contributions from two boundaries into account, 

hmz/[ft| Te/3 ] = n[^]n T=T0 [x% ~ n[^ +1 ]n T=T0 [ X ^ +1 ] . (101) 
The total winding number of Q can now be expressed as 

= - E WtJ ~ 2 E (^=-0 W$ n v=w> - n T =r n v=V0 [^ + i]) • (102) 

i /3 

By Eq. (f78|), — is equal to the Hopf invariant of (f)\ dv . Inserting the expres- 

sions ( |98f) for n T=To [^f ] and ( p9|) for n (/9=</ , [^f ] , we therefore obtain the final result 
for the contribution to Eq. ([79]), 

= E^WtJ ~" 2 E m/3deg [^l^] ' ( 103 ) 

i p 
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The mP can be calculated from the by use of the relation ( |93|) which can be 
expressed as 

m, = m % - m 1 ^ 1 (104) 

with m° = m N = 0: 

P 

mP = s ^rn i . (105) 

i=l 

Therefore, Eq. (|103|) contains information about <ft only and is independent of the 
choice of Q. Note, that although the generalized Hopf invariants of <fi on the tubes 
around the individual monopole loops depend on the choice of the coordinate ip, 
their sum is determined by the sheets D 13 that relate ip on the various tubes (cf. 
Fig. |8|). As in the case of topologically trivial monopole loops, the instanton number 
modulo 2m, where m is the largest common divisor of the mj, is determined by the 
auxiliary Higgs field on the tubes T; around the monopoles only, and is independent 
of the sheets D@ chosen. 



7 Polyakov gauge 

We consider the Polyakov gauge (or the related modified axial gauge) on the space- 
time S 3 x S 1 with periodic boundary conditions in time. In this setup, a stronger 



relation between the instanton number and monopoles holds p2, ^0, ^1] 



u = - m i > ( 106 ) 

i 

0(*i)=— 1 

where the sum is taken over all monopole singularities where the Polyakov line is 
— 1. In contrast to the general case, the position of the Dirac strings does not 
enter and every monopole contributes only ±mj (or 0) to the instanton number. 
Two monopoles with charges ±1 and Polyakov line ±1, for instance, give v = ±1 
depending on the combination of signs. Our above result, on the other hand, suggests 
that each of the two monopoles can have an arbitrary 'twist', and therefore every 
integral value of the instanton number should be possible. The Polyakov line must 
determine the relative twist of the monopoles in some way. In this section, we try 
to shed some light onto this connection. 

A special property of the Polyakov gauge is that the Polyakov line (cf. Eq. 
(0)) at a single time, e.g. t = 0, already contains some information on its time 
dependence: First, the eigenvalues of the Polyakov line are time-independent, since 
its time evolution is given by 

(f){x,t) = U + (x,t)(f)(x,0)U(x,t) , (107) 
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where U (x, t) e SU(2) is the parallel transporter from (x, 0) to (x, t) along a straight 
line. This relation implies that the monopoles are static. Second, the temporal 
boundary conditions of U are given in terms of (f>(x, 0), 

f/(a; ' 0) = 1 ' am) 

U(x,n) = 4(x,0) , 1 ) 

where we have chosen the temporal extension of space-time to be tt. The boundary 
conditions on U, of course, restrict the possible time dependence of 0. It turns out 
that this restriction determines the instanton number. 

As before, the charts on S* 3 (or the stereographic projection) are chosen such 
that there is no monopole at spatial infinity, 

<j){x,0) -> (pooix) ^ ±1 for |x|->oo. (109) 

Since the transition function at \x\ — > oo and t — maps S 2 to SU(2) and is 
therefore homotopically trivial, (poo(x) can always be made constant by a gauge 
transformation. This will be assumed in the following. Inside the chart, U : M 3 x / — > 
SU(2) is a continuous function. On the boundary of its domain x I, U has the 
following values, 

{1 for t = , 

<f)(x,0) fort = tt , (110) 
Uoo(x,t) for \x\ — > oo . 



Continuity of £7 implies 

C/oo(^,7r) 



(111) 



C/oo can therefore be interpreted as a function from S 3 to SU(2), and since U is 
continuous, its winding number must be the opposite of the winding number of 
0(^,0), 

n[£/oc] = -r#(.,0)] . (112) 

Since Uoo is not periodic, it cannot be used to formulate a boundary condition for 
the gauge field by itself. We therefore introduce 

E/ooOM) = e-^-^Un&t) with e ia ~-°- = oo . (113) 

This function is periodic, and since e~ lOL ° ' rT 4> 00 e iaoo ' eT = 0^, we still have 

<f>(x,i) -> U^ (x,t)(j) 00 U 00 (x,t) for |x| -> oo . (114) 

Therefore, the instanton number is given by the winding number of 

f = -n[C/oo] = -n[C/°°] = n[0(., 0)] . (115) 
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We conclude that the Polyakov line at a single time contains enough information 
about its time dependence to determine the instanton number. The above consid- 
erations also apply to a volume enclosing a neutral set of monopoles. The Polyakov 
line at a single time therefore really determines the 'relative twist' (the contribution 
( |103| ) to v) of such a set. 

If we drop the requirement (|108|), the most general boundary condition for U 



compatible with periodicity of is 

U(x, tt) = e 10{x)&{xy(T where <f>(x, 0) = e ia{x) (T . (116) 

For U to be continuous, we must have 

/3{x) = kn with keZ if <j>(x,0)=±l. (117) 

The relation between U(x, tt) and the instanton number is, of course, still valid. 

For the choice (3(x) = ka(x), i.e. U(x, tt) = ((f>(x, 0)) , for instance, the winding 
number of U(., tt) and therefore the instanton number are multiplied by k, 

v = n[U(.,7T)] = kn[(p(.,0)} . (118) 

With other choices of /3, all values of v can be generated as long as monopoles are 
present. In general Abelian gauges, the Higgs field at a single time does not therefore 
determine the instanton number, even if its eigenvalues are time-independent. 



8 Discussion 

In this work, the instanton number has been expressed in terms of the auxiliary Higgs 
field defining a general Abelian gauge. On the space-time S A , the instanton number 
can be written as a sum over contributions associated with individual monopole 
loops, 

i 

where Vi is a topologically trivial volume containing the monopole loop in question. 
The contribution of a monopole of magnetic charge m to the instanton number 
modulo 2m is given in terms of the Higgs field near the monopole singularity, only, 

mod 2m = a[4>\ T ] G Z 2 \ m \ (120) 

where T is a small tube around the monopole loop and a[0| T ] measures the 'twist' 
('Taubes winding') of the Higgs field on that tube. For uniform twist, it is given 
by the product of the magnetic charge and the number of times the configuration is 
twisted as one passes along the loop. For the generic case of unit charge monopoles, 
a[0| T ] determines the instanton number modulo 2, i.e., whether it is odd or even. 
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The full instanton number can also be expressed in terms of the Higgs field, 
however not exclusively in terms of the values near monopole singularities, 

a [i\gv\ = a o[<i>\ T } +2mdeg[0| D ] (121) 

where D denotes a (Dirac) sheet closing the monopole loop. The generalized Hopf 
invariant depends on the position of the sheet but on values of only on T; 

it has the same interpretation as a[0| T ]. The values of away from the monopole 
loop enter through the degree deg[0| D ] of on the sheet D. The total contribution 
to the instanton number, Eq. (|121 ), is independent of the choice of D. 



For unit charge monopoles, the Z2 contribution ( |120| ) can be related to the center 
symmetry: An odd twist (i.e., one contributing to v mod 2) can be generated by 
applying a gauge transformation that changes by a factor of —1 as one passes once 
along the monopole loop. Such a discontinuity does not affect the gauge potential 
that transforms according to the adjoint representation of the gauge group. For non- 
trivial loops on S 3 x S 1 , this can be interpreted as a center symmetry transformation 
that is applied to only one of the monopoles but not to the others. This is only 
possible if a singularity is produced between the monopoles - or the field between the 
monopoles is altered in a way that does not correspond to a gauge transformation. Of 
course, such a change is necessary to alter the instanton number. For a topologically 
trivial monopole loop, the gauge transformation has to be discontinuous along a two- 
dimensional surface that links with the monopole loop. It produces a 'center- vortex' 
singularity on the sheet. If the singularity is avoided by altering the fields, a 'thick 
center vortex' is generated (or removed). In a recent work |H| it has been shown that 



in a continuum version of the maximal center gauge the instanton number can be 
related to self-intersections of center-vortices. The total number of self-intersections 
is only non-zero if a (connected) vortex contains regions with different orientations. 
Since the orientation of a vortex (as defined in Ref. ||32|| ) can only change at the 
world-line of a magnetic monopole, it should be possible to express the number of 
self-intersections as the linking number of vortices with monopoles. Our findings 
indicate that a similar relation may be valid in other center gauges, like, e.g., the 
Laplacian center gauge proposed in f3~3fl . 
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